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Introduction. 
A method is given to prove uniqueness theorems for a number of multidimensional inverse problems. 
Applications of the method give the following results: 
(1) 
(2) 
(3) 
(4) 
(5) 
the surface data ~(1, y, k) known for all I, y E P = { z : x3 = 0) and a fixed k > 0 determine 
u(z) E L”(D) uniquely. Here [V2 + k2 + k2v(z)]u = -b(z - y) in R3, D C R? = {z : 23 < 0}, D 
is a bounded domain throughout, v(z) = 0 outside D, v = V. 
the surface data u(z, y, k) known for all I, y E P and at k = kj, j = 1,2, k1 # k2, kj > 0, determine 
aj(x), j = 1,2 uniquely. Here al E L2(D), a2 E W2*2(D), V2u+k2u-tk2,1(z)u+V.[a2(z)Vu] = 
-5(z - y) in R3, D is the same as in l), 1 + a2 > 0, al = 7il, W,‘(D) are the Sobolev spaces. 
the data {f,oh}, where f runs through all of C’(r), determine g(z) E W2s2(D) uniquely. Here 
r = 8D is smooth, V. (u(z)Vu) = 0 in D, u = f, UN = h on r, N is the outer unit normal to I’. 
the scattering amplitude A(B’, 8, k) k nown for all 8’, 0 E S2 and a fixed k > 0 determines the 
potential q E L2(D) uniquely. Here D C R3, q(z) = q(x), th e b ar stands for complex conjugate, 
and q = 0 outside D. 
a necessary and sufficient condition for an operator Lu = C,al<l a,?u(z), t E R”, a, = E, = 
const, to have the property C is given. The property C is defined as follows. Let D C R” be an 
arbitrary bounded domain and f E U(D), p 2 1. Suppose that (*) SD _f(Z)$Jj (Z)$jt(Z)dZ = 0 V$j, 
$jl E ND(L), where No(L) = { u : Lu = 0 in D}. If (*) implies that f = 0 then we say that L 
has property C (completeness of the set of products of solutions to the equation Lu = 0). We give 
sufficient conditions for L = V2 + k2 - q(z) to have property C and use it to prove uniqueness 
theorems in l)-4). Pr0pert.y C can be defined for a pair (L,L ) 1 in which case +ja in (*) should be 
substituted by 4jl E ND(L~). 
I. Formulation of the Problems. 
In many applications (such as geophysical prospecting, medical diagnostics, nondestructive control, 
etc.) one is interested in finding properties of the medium from surface measurements. Mathematically 
the problem reduces to finding unknown coefficients of a PDE from the knowledge of a family of solutions 
to this PDE on a certain manifold. 
For example, let 
[V2 + k2 + k2v(z)]u = -S(z - y) in R3, (1) 
V(Z) E L2(D), D C Rf, throughout the paper D is a bounded domain, k > 0 is a fixed number, v = 5. 
PROBLEM 1. Given the surface data u(z,y, k) for all I, y E P = {z : 23 = 0) and a fixed k > 0, can one 
determine v(z) uniquely? 
Let 
V2u + k2u + k2al(z)u + V . [az(r)Vu] = -6(z - y) in R3 (2) 
al E L’(D), ~2 E W2,2(D), D is a~ in Problem 1, and 1 +az(z) > c > 0. Here and below c denote various 
positive constants, al = ill. 
PROBLEM 2. Given ttle surface data U(E, y, k) for all z, y = P and k = kj, j = 1,2, 0 < Cl < k2, can 
one d&ermine Qj(t), j = 1,2, uniquely? 
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Let 
V. [o(z)Vu] = 0 in D C R”, 0 < 60 5 a(z) E W2*‘(D), n 2 3, ~0 = const (3) 
u = f, UN = h on r=ao. (4) 
Here r is the smooth boundary of D, and N is the unit outer normal to r. 
PROBLEM 3. Given the set {f,ah}, where f runs through Cl@‘), can one determine u(z) uniquely? 
PROBLEM 3’. The same question for the data {f, h}. 
Let 
[V2 +k2 -q(z)]$ = 0 in R3, k > 0, 
p(z) E L’(D), q(z) = 0 outside D, 9=v 
$(0, k,z) = exp(ik0 .z) + v, 
2) = A(#, 0, k) exp;kr) + o(r-‘) as r=lt(+co, 0’=zr-l. 
The function A(P, 0, k) is the scattering amplitude, 0’, 0 E S2, the unit sphere in R3. 
PROBLEM 4. Given A(#,@, k) for all O’, 0 E S2 and a fixed k > 0, can one recover q(z) uniquely? 
In the study of these problems the following question is important. Let 
LU = c aadau(z), x E R”, n 2 2, a, = const, (1, = zi, 
149 
Q is a multi-index. Define an algebraic variety 
M=jr:rEC”,L(t):= c aaP=O}, 7222. 
IQI<l 
Let us formulate 
(5) 
(6) 
(7) 
(8) 
(9) 
CONDITION C'. There exist at least two points mj E M, j = 1,2, ml # m2, such that the corresponding 
tangent spaces Tj = T,,,,(M), j = 1,2, are not parallel. 
Condition C’ holds if and only if L(z) is not of the form 
‘(‘1 = cbO + ebj%j)', 
j=l 
Let D be an arbitrary fixed bounded domain 
arbitrary fixed function, and 
where bj = Jj = const,O 5 j s n. (IO) 
in R”. Let us assume that f(z) E P(D), p 2 1, is an 
I D f(z)$j(~)$j~(~)dz = 0, Vtij,tijt E ND(L). (11) 
If (11) implies that f = 0 we say that L has property C. 
PROBLEM 5. What are sufficient conditions for C to hold? 
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In section II basic results are formulated. We conclude this introduction by mentioning what is known 
about Problems l-5. Problems 1, 2 are basic model problems in seismic exploration. They are of long 
standing. There is an extensive literature on various aspects of these problems. First uniqueness theorem 
for Problem 1 with the data known for all w E (0,~~)~ where w,, > 0 is an arbitrary small number, has 
been published in 1983 [I]. In [2] tl iere is a complete presentation of this result, various generalizations, 
and a solution to Problem 2 in the Born approximation. No exact results were known about Problems 1, 
2 for the data given at a fixed frequency. Problem 3 has been studied in [3], [4]. Uniqueness of its solution 
has been established in [3] for piecewise analytic Q and in [4] for c~ E C”(B), n > 3. We give a simple 
method to prove uniqueness theorem for c E C%‘***(O), n > 3. Our method is constructive: by choosing 
{f, (oh} in a special wa.y we find the Fourier transform of q(z) := u-~/*(z)Au~/*(z) where A = V*. If q 
is known it. is easy to recover U(Z) uniquely. Problem 3 is of interest, for example, in medical diagnostics. 
Problem 4 is of long standing. It is solved in the Born approximation (see e.g. [2]). Uniqueness of its 
solution for small q(z) is announced in [7]. No global results on Problem 4 have been known. Problem 
5 has been first studied in [5], [6], where condition C’ was introduced. Here we give a necessary and 
suficient condition for C to hold. Some related works are [8]-[15]. 
II. l3asic Results. 
The assumptions on the data are formulated in section I and we do not repeat 
result concerning Problems l-4 is that the data in these problems determine the 
Uj, 6, and q uniquely. 
them here. The basic 
unknown functions v, 
TIIEORE~I 1. The answer to the questions in Problems 1-4 is yes. The answer to Problem 3’ is yes up to 
a constant factor. 
The conclusion of Theorem 1 remains valid if the data in Problems 1, 2 are measured on an arbitrary 
closed bounded surface S which contains the support of the functions V(X) or aj(r), j = 1,2. It remains 
also valid if S is an arbitrary bounded closed surface such that LZ is not an eigenvalue of the Dirichlet 
operator V* + R* + k*v(z) in B, where B is a bounded domain with boundary S, for Problem 1, or that 
the Dirichlet operators V* + /$ - q(x) + J$p(z), j = 1,2, in B do not have zero eigenvalue, for Problem 
2. The basic result concerning Problem 5 IS formulated as Theorem 2. 
THEOREM 2. Condition C holds if and only if condition C holds. 
REMARK 1: If L is elliptic then condition C holds. Condition C holds if and only if L(z) is not of the 
form (10). 
REMARK 2: If L,u = CIallc arr,md”u, m = 1,2, and 
!vhere f E D’(D), p 2 1, then one can ask if (12) implies that f = 0. This is a generalization of Problem 
5 which reduces to Problem 5 if L1 = L2. We refer to this problem as Problem 52. 
The following lemma will be of use. 
IdEhlhlA 1. Let Hu = [V*+k*-q( )] b x u e an operator in R3, q E L*(D), q = 0 outside D, k = const 2 0. 
There exists a solution to equation Hu = 0 such that 
u = exp(iz . x)(1 + R(x, t)), Hu = 0, (13) 
where z E C3, z . z := zf + zz + .zi = k*, and, for any 6 > 0, 
11 R(x, z) llL,-(o,j< +I-(+-‘) as lz( + 00, Imr # 0, z z = k*. (14) 
Mere DI C R3 is an arbitrary bounded domain, IzI := (1.~11” + 1.~2)~ + Iz~)*)~/*, E > 0 is arbitrarily small, 
c = c(q) = const > 0. 
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THEOREhl 3. The operator H in Lemma 1 has property C. Moreover, if L1 = V2 i- k2 - q1 and L2 = 
Va + k2 - q2(z), where qj(“) are the same as in Lemma I, then (12) implies that f = 0. 
The following lemma is often useful. The operator H is the same as in Lemma 1. 
LEM~LIA 2. Let Hu = 0 in a bounded domain D1 and k2 is not an eigenvalue of the Dirichiet and Neumann 
operators H in D1. Denote by f and h the values u and UN on rl := BD1. Then the set {f, h}, where 
either f or h runs through Cl(I?l), determines q(z) uniquely. 
REMARK 3: The map A : f - h is called the Dirichlet to Neumann map (for the operator H in L2(D1)) 
and A-’ : h + f is the Neumann to Dirichlet map. If rl and q are C” smooth then A : Hm(I’l) -+ 
Hm-'(rl),A-l :Hyrl) + H m+l(I’l) for any real m, Hm(rl) is the Sobolev space W21”‘(I’,). 
A simple algebraic lemma is often of use. 
LEMMA 3. For any fixed number k > 0 and any fixed vector p E R”, n 2 3, there exist a set {z,x}, 
2,x E C”, with the properties 
z.z=X.X=k’, .%+x=p, Iz(+oo, ~X~-+ca 
Lemma 3 is not valid if n = 2. 
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